Abstract. We construct a new compactification Jg of the moduli space Hg of smooth hyperelliptic curves of genus g. In [AL] the authors constructed a morphism between two remarkable compactifications of Hg . We give a rational factorization of this morphism through Jg having a geometric meaning.
Introduction
Let g ≥ 3 and let H g be the moduli space of smooth hyperelliptic curves of genus g. Several compactifications of H g have been constructed. In this paper we shall construct a new compactification J g of H g explaining its relation with other remarkable compactifications.
J g has the following geometric description. Consider (C, p 1 , . . . , p 2g+2 ), where C is a smooth plane conic and p i ∈ C are distinct points. Pick the configuration of h g := lines spanned by p i , p j for 1 ≤ i < j ≤ 2g + 2. By taking the closure of the locus of these configurations in Sym hg (P 2 ) ∨ , we obtain configurations associated to (C, p 1 , . . . , p 2g+2 ), C singular or p i = p j . The group SL(3) acts on Sym hg (P 2 ) ∨ . J g is the GIT-quotient of the set of GIT-semistable configurations associated to (C, p 1 , . . . , p 2g+2 ), C a conic and p i ∈ C. J g contains H g as a dense open subset.
A boundary point of J g is a configuration containing at least a non-reduced line. For example if C is smooth and p 1 = p 2 = p j for j ≥ 3, the associated configuration is GIT-stable and contains the tangent line T p1 C (reduced) and span(p 1 , p j ) j≥3 as double lines.
The boundary points of J g have the following geometric meaning. If C is smooth and p i ∈ C are distinct, consider the double cover ϕ : X → C branched at the 2g +2 points p i . It is well-known (see [ACGH, pag. 288] and [M, Proposition 6 .1]) that O X (ϕ * (p i + p j )) is a (g − 1)-th root of ω X . For example if g = 3 these are all the 28 odd theta characteristics of the smooth hyperelliptic curve X. J g is a compactification of H g in terms of limits of configurations of higher spin curves of order g − 1 (in the sense of [CCC] ) on smooth hyperelliptic curves.
We shall compare various compactifications of H g . A binary form of degree m is a homogeneous polynomial of degree m in two variables over C (up to non-trivial constants). A binary form is said to be semistable (stable) if there are no roots of multiplicity > m/2 (≥ m/2). It is well-known that there exists a moduli space B m of isomorphism classes of semistable binary forms of degree m (see [MFK, Ch.4 .1]). If m is even, all the strictly semistable binary forms (i.e. with a root of multiplicity m/2) are identified in B m . We shall denote by b 0 ∈ B m this distinguished point. . . , p m ) up to the action of the symmetric group S m on p 1 , . . . , p m . There exist a fine moduli space M 0,m of m-pointed curves of genus zero and a coarse moduli space N 0,m of m-marked curves of genus zero (see [K] and [AL] ). If S m is the symmetric group, then
It is well-known that N 0,2g+2 is isomorphic to the closure of H g within the moduli space of Deligne-Mumford stable curves.
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Recall that N 0,2g+2 and B 2g+2 are different schemes. In fact the boundary divisor has more that two components in N 0,2g+2 and exactly one component in B 2g+2 . In [AL] , the authors constructed a morphism F g : N 0,2g+2 −→ B 2g+2 .
Theorem 4.6, Theorem 5.10 and Proposition 5.14 contain a geometric description for g ≡ 0 mod (3) of rational maps
giving a factorization of F g . The condition g ≡ 0 mod (3) ensures that J g is a geometric quotient. The construction of α g is based on Theorem 4.4, stating that it is possible to recover the datum of (C, p 1 , . . . , p 2g+2 ), C conic and p i in the smooth locus of C, from the associated configuration when it is GIT-stable. If we allow the configuration to be GIT-semistable, there are some exceptions, which are completely determined by the solution of a Pell equation (see Lemma 7.1). Theorem 4.4 extends the well-known result that any smooth plane quartic can be recovered from its bitangents (see [CS] and [L] ) to the locus of double conics. In fact the stable reduction of a general one-parameter family of smooth quartics specializing to a double conic C is a smooth hyperelliptic curve, the double cover of C branched at 8 distinguished points. The limit of the configurations of bitangents is the configuration associated to C and the 8 points, as explained above. The common characteristic of the constructions of F g and β g is the determination of a distinguished subcurve of a given (2g + 2)-marked curve of genus zero. Below we shall briefly recall the definition of F g , introducing notations and terminology.
Fix a marked curve of genus zero (Y, p 1 , . . . , p 2g+2 ). The weighted dual tree of Y is its dual graph Γ Y and the datum, for each vertex, of the number of marked points contained in the corresponding
where if Γ i is a subset of Γ Y , then wt(Γ i ) is the sum of the weights of the vertices contained in Γ i . The following ensures the existence of a unique central vertex of Γ Y (see [AL, Lemma 3 .2])
• no edge e ⊂ Γ Y satisfies wt(Γ 1 ) = wt(Γ 2 ) = g + 1, where Γ 1 and Γ 2 are the connected
The last condition is realized if the marked curve is not contained in the divisor ∆ of N 0,2g+2 whose general point has two components each one of which contains g + 1 marked points. If the central vertex exists, the stable binary form F g (Y, p 1 , . . . p 2g+2 ) is obtained by contracting all the components of Y different from the component corresponding to the central vertex. The divisor ∆ is contracted to b 0 .
The construction of β g is based on the principal part of a marked curve of genus zero (see Definition 5.3). The paper is organized as follows.
In Section 2 we prove basic facts about twisters of curves of genus zero (in the sense of [CCC] ). In particular we will be interested in the so-called conic twisters.
In Section 3 we sketch our construction for the genus 3 case. In Section 4 we construct the compactification J g and the map α g . In Section 5 we construct the map β g , showing that α g and β g provide a factorization of F g . In Section 6 we prove Theorem 4.4.
Notation. We work over the field of complex numbers. If Γ is a tree and v 1 , v 2 are two vertices of Γ, pick the unique minimal subgraph of Γ connecting v 1 to v 2 . We shall denote by d(v 1 , v 2 ) the number of edges of such subgraph. If Y i is a subcurve of Y, we denote by v Yi the union of the vertices of Γ Y corresponding to Y i .
On some properties of conic twisters
Let Y be a stable curve with decomposition Y = ∪ 1≤i≤N Y i into irreducible components. Definition 2.1. A twister of Y (in the sense of [CCC, Definition 5.1.3] ) is a line bundle T ∈ Pic(Y ) such that there exists a smoothing Y of Y such that T is the restriction to Y of a line bundle on Y supported on irreducible components of Y.
Lemma-Definition 2.2. Let Y be a curve of arithmetic genus zero.
(i) The twisters of Y do not depend on the chosen family but only on their multidegree.
(ii) Let (d 1 , . . . , d N ) be integers adding up to 2. Then there exists a twister T of Y such that
. T is said to be a conic twister of Y if the integers are non-negative. (iii) Let T be a conic twister of Y. The linear system |ω ∨ Y ⊗ T | is base point free and twodimensional. In particular we get a morphism Y → P 2 realizing Y as a plane conic.
Proof. (i) It is well-known and holds more generally for curves of compact type of any genus.
(ii) It suffices to show that for any fixed string of N integers adding up to zero there exists a twister T having the string as multidegree. Hence it suffices to show that such twisters exist for a string of type
where v 1 and v 2 are any two vertices of Γ. Let Γ ⊂ Γ Y be the minimal subgraph connecting v 1 to v 2 . Let us denote by v
If e 1 and e 2 are the edges of Γ containing respectively v 1 and v 2 , consider the three connected
A twister as required is given by the divisor
where the m i are integers chosen as follows
• a component corresponding to a vertex of Γ 1 has m i = 1; 
3. The genus 3 case Notation 3.1. Let Y be a scheme and X → Y be a Y −scheme. Consider the fiber product
The group G = SL(3) acts on P 28 := Sym 28 (P 2 ) ∨ . We denote by P ss 28 the set of GIT-semistable points.
Let C → P 5 be the universal plane conic. Consider K := Sym 8 P 5 C. Let Z K ⊂ K be the closed subset of points either on a non-reduced conic or on a reducible conic with a point on the node.
Consider the morphism
be the closure of the graph of ψ and π the projection from Γ ψ to P 28 . We denote by R := π(Γ ψ ) ∩ P ss 28 . In the genus 3 case, a GIT-semistable configuration is automatically stable (see the GIT-criterion for configurations of linear spaces [MFK, Proposition 4.3] ).
Define the GIT quotient J 3 q : R −→ J 3 := R/G.
The following GIT-stability property is an easy calculation.
(s) Consider a conic C and its (possibly not distinct) points
is GIT-stable if and only if C is reduced, each p i appears at most 3 times and moreover if
The set-theoretic description of the map
associating to the orbit of a configuration r ∈ R the orbit of a binary form is as follows. We shall see in Theorem 4.4 that, for a fixed r ∈ R, there exists a unique conic C with points
If C is irreducible (C, p 1 , . . . , p 8 ) defines a stable binary form (see the property (s)) and hence we get a point of
. . , p 8 }| = 4 (see the property (s)). We contract either C 2 or C 1 obtaining a strictly semistable binary form and hence the point b 0 of B 8 .
The set-theoretic description of the morphism If Γ Y has not a central vertex, we shall see that there exists a unique edge e so that the two connected subgraphs Γ 1 and Γ 2 of Γ Y , such that Γ 1 ∪ Γ 2 = Γ Y − e, satisfy wt(Γ 1 ) = wt(Γ 2 ) = 4. Let C 1 and C 2 be the components corresponding to the vertices of Γ contained in e. Consider a twister T of Y such that the morphism ϕ T induced by |ω In this way we get a factorization of F 3 : N 0,8 −→ B 8 .
The construction of the first morphism
The generalization of the set-up of the previous Section yields some difficulties. There are GITsemistable configurations which are not in the image of the analogue of ψ. For example there exist GIT-semistable configurations associated to reducible conics with a marking on the node (see Example 5.5) and we have to get rid of them.
Let C → P 5 be the universal plane conic. For any positive integer m consider (recall Notation 3.1)
The points of k are the markings of supp(k). We call (k, supp(k)) a conic with weighted markings.
If {p 1 , . . . , p r } are the distinct markings appearing in k, we denote by w(k) := {m 1 , . . . , m r } their weights (so that p i appears m i times in k). We call m the total weight of k.
Notation 4.2. Let (k, supp(k)) be a conic with weighted markings such that supp(k) is reduced. If there are n i markings of weight m i on smooth points of supp(k), we shall denote by
, we denote by s C1 and s C2 respectively the strings of the weights of markings on
We denote by |s i | the sum of the weights of markings on
Assume that the weight of the node is m. The dual graph of (k, supp(k)) is as shown below.
For any integer g ≥ 3 we set m g := 2g + 2 and h g := mg 2 . Consider
The group G = SL(3) acts on P hg . From now on we shall fix a linearization for this action. We shall denote by P ss hg and P s hg respectively the sets of GIT-semistable and GIT-stable points of P hg . Define the closed subset
and only if supp(k) is either reducible with a marking on the node or non-reduced
Consider the rational map
Let Γ ψ be the closure in K g × P hg of the graph of ψ. Let π 1 : Γ ψ → K g and π 2 : Γ ψ → P hg be the two projections. Set
Recall the GIT-stability criterion for configurations of plane lines (see [MFK, Proposition 4.3] . GIT-criterion. Let r be in P hg . For a point p ∈ P 2 , let µ p be the number of lines of r (with multiplicities) containing p. Let µ l be the multiplicity of a line l of r. Then r is GIT-semistable (resp. stable) iff max p∈P 2 µ p ≤ 2h g /3 and max l µ l ≤ h g /3 (resp. the previous inequalities are strict).
Lemma 4.3. Let r be in π 2 (Γ ψ ) with r = π 2 (k, r).
(i) If supp(k) is reduced and k has a marking p of weight at least g +1, then r is GIT-unstable.
(ii) If supp(k) is reducible and the set of markings on smooth points of a component are either just one marking of weight 1 or just two markings of weight 1, then r is GIT-unstable.
2 and the claim is an easy calculation. (ii) We may assume that the node of supp(k) is a marking of weight at most g (otherwise we are done by (i)). In the first case let n be the node of supp(k). The number of lines of r (with multiplicities) not containing n is at most 2g + 1 and hence µ n ≥ h g − 2g − 1 and the claim is an easy calculation. In the second case the number of lines not containing n is at most 4g and hence
The claim is an easy calculation for g ≥ 5 and one can check by hand g = 3, 4.
(iii) It is an easy calculation.
(iv) J g is a geometric quotient if there are no strictly semistable configurations in R g . Since h g ≡ 0 mod (3) if and only if g ≡ 1, 2 mod (3), then (iv) follows.
The following Theorem says that one can recover a weighted conic from the configuration of lines associated to its markings via the above ψ. For its proof see Section 6.
Theorem 4.4. Consider the rational map ψ : K g P hg of (4.1).
(i) The restricted morphism ψ :
where 4g h + 3 = x 4h−1 + 3y 4h−1 and {x h } h≥1 and {y h } h≥1 are defined by the rule
(iii) If k has m g distinct markings and integral support, then ψ(k) is GIT-stable and not contained in Z R (recall the definition (4.2) of Z R ).
Definition 4.5. Define the open set I g of J g as follows:
[r] is in J g − I g if and only if [r] = q(r) with r ∈ R g satisfying at least one of the following conditions
• r is the configuration of a conic with weighted markings with reducible support • r is contained in the closed subset where R g is non-normal.
Theorem 4.6. Let g ≡ 0 mod (3). There exists a set-theoretic map
which is a morphism over I g .
Proof. J g is a geometric quotient (Lemma 4.3 (iv)). Set W : W (w)) is reducible with components containing the same number of markings, we get two strictly GIT-semistable binary forms by contracting one of the components (whose classes in B mg are b 0 ). We get a well-
We can view U → q −1 (I g ) as a family of stable binary forms. We get a G-invariant morphism q −1 (I g ) → B mg inducing the required morphism.
The construction of the second morphism
In this Section we shall construct a morphism from an open subset of N 0,mg to J g , showing that a certain morphism from an open subset of M 0,mg factories through N 0,mg .
Recall that a family of m g −pointed stable curves of genus zero is the datum of a family f : Y → B of curves of arithmetic genus zero and m g sections σ 1 , . . . , σ mg of f such that for every 
Proof. See [K] . 
or its restriction to Y when no confusion may arise (see also Lemma-Definition 2.2).
The following definition is basilar for the construction of the second morphism.
Definition 5.3. Let (Y, p 1 , . . . , p mg ) be a m g −pointed stable curve of genus zero. We say that a subcurve P ⊂ Y is a principal part if there exists a conic twister T of Y and a semistable configuration r ∈ R g such that (Γ ψ is the closure of the graph of the map (4.1) ψ :
We call T and r respectively twister and configuration associated to P. Notice that necessarily P has at most two components (T is a conic twister).
Remark 5.4. If P is a principal part of (Y, p 1 , . . . , p mg ), the associated conic twister T is uniquely determined by the condition ϕ T (P ) = ϕ T (Y ). If P is connected, then also the associated configuration r is uniquely determined. In fact, since P is connected, ϕ T (p i ) is not in the singular locus of ϕ T (P ). Thus ψ : K g P hg is defined over k := (ϕ T (p 1 ), . . . , ϕ T (p mg )) and r = ψ(k).
Example 5.5. Consider a pointed stable curve of genus zero with the below weighted dual graph.
The vertex of weight 2 is central, while the unique non-connected subcurve with two components is a principal part.
1 In fact if we contract the central vertex we get the conic with the below weighted markings and it is easy to see that it has an associated stable configuration.
• (Y, p 1 , . . . , p 10 ) be a pointed curve with the below weighted dual graph. Let Y 1 be the component of weight 6.
Both Y and Y 1 are principal parts. In fact let T 1 and T 2 be respectively the trivial twister and the twister given by −Y 1 . The morphisms ϕ T1 and ϕ T2 give rise to the conics with weighted markings
One can easily show that the configurations r 1 and r 2 of these two conics with weighted markings (defined via ψ) are GIT-semistable, hence by definition Y and Y 1 are principal parts. Moreover r 1 and r 2 are strictly GIT-semistable (we shall see in Lemma 5.8 that this necessarily happens when there is more than one connected principal part).
We give some properties of the principal part in the following 
* is a family of smooth rational curves which we can view as a family of plane conics in
. Let C be the universal plane conic and χ : Y → C be induced by the modular morphism B * → P 5 . By the universal property of the fiber product, the collection χ
Denote by γ 2 : B * → P hg the composed morphism γ 2 := ψ • γ 1 whose image is contained in R g ⊂ P ss hg . Both γ 1 and γ 2 extend to the whole B (which is smooth).
By the GIT-semistable replacement property, up to a finite base change of the family totally ramified over 0 ∈ B we may assume that γ 2 (0) is in R g (that is GIT-semistable). Notice that (γ 1 (0), γ 2 (0)) ∈ Γ ψ (recall that Γ ψ is the closure of the graph of ψ).
The extended morphism B → P 5 induces a family of plane conics
which is birational to Y. Denote by ϕ : C − − > Z this map, which is an isomorphism over B * . If ϕ is defined on all of Y, there exists a divisor D of Y supported on Y such that
Therefore the component which is not contracted by ϕ is a principal part of (Y, p 1 , . . . where m 1 and m 2 are non-negative integers with m 2 ≤ 1.
Lemma 4.3 (ii) implies that any r ∈ P hg such that (γ 1 (0), r) ∈ Γ ψ (and in particular γ 2 (0)) is unstable which is a contradiction.
If E is obtained by blowing-up a node of Y, the dual graph of the conic with weighted markings given by γ 1 (0) is as shown below (m 1 and m 2 are non negative integers).
•
If Z is an exceptional component of the blow-up, let X 3 and X 4 be the components of
Consider the conic with weighted markings (k, supp(k)) given by
Notice that |s X1 | = m 2 and if Z is exceptional, then s Z = 1 m3 for m 3 ≥ 1 and hence |s Z ′ | = m 3 . Since k specializes to γ 1 (0), there exists a GIT-semistable configuration r ∈ R g such that (k, r) ∈ Γ ψ . Pick the twister T of Y such that ω ∨ Y ⊗ T has degree 1 both on X 1 and Z ′ and zero otherwise (it is possible by Lemma-Definition 2.2). Then X 1 ∪Z ′ is a principal part of (Y, p 1 , . . . , p mg ) having T as associated twister and r as associated configuration. This concludes (i).
(ii) Assume that (Y, p 1 , . . . , p mg ) has a connected principal part P. Let [f : Y → B, σ 1 , . . . , σ mg ] be a family of m g −pointed stable curves of genus zero having (Y, p 1 , . . . , p mg ) as special fiber over 0 ∈ B. Since P is connected and Y contains at least two irreducible components each one of which intersects the rest of the curve in just one point, we can apply Lemma 5.1 to suitable sections of f to get a family f ′ : Y ′ → B such that its central fiber is P and with a B−morphism g : Y → Y ′ . Since P has at most 2 components, then up to restrict the family to an open subset of B, we may assume that all the fibers of Y ′ have at most two components. Consider the B−morphism induced by |ω
The image of ϕ is a family of conics. Arguing in (i), the collection ϕ • g • σ i induce a morphism γ : B → K g , hence markings on the fibers of Im(ϕ) and by construction a marking is never in the singular locus of a fiber. Thus ψ : K g P hg is defined over the image of γ. Since P is a principal part, (ψ • γ)(0) ∈ P ss hg and (up to shrinking B) (ψ • γ)(b) ∈ P ss hg for b ∈ B. Thus the general fiber of Y ′ is a connected principal part of the corresponding fiber of Y.
Lemma 5.8. Let (Y, p 1 , . . . , p mg ) be a m g −pointed stable curve of genus zero. If P, P ′ are two connected principal parts of (Y, p 1 , . . . , p mg ) with associated configurations r, r ′ , then
Proof. Consider a general smoothing [f : Y → B, σ 1 , . . . , σ mg ] of (Y, p 1 , . . . , p mg ). Let 0 ∈ B be the special point of B. Let T and T ′ be respectively the twisters associated to P and P ′ .
Consider the morphisms ϕ T and ϕ T ′ defined over Y (see Notation 5.2) whose images are isomorphic over B * := B − 0. As in the proof of Lemma 5.7, the collections ϕ T • σ i and ϕ T ′ • σ i give rise to morphisms γ, γ ′ : B → P ss hg and γ(0) = r, γ ′ (0) = r ′ . Moreover γ and γ ′ correspond to two families of configurations of plane lines which are G−conjugate over B * and with r and r ′ as special fibers. Since r and r ′ are GIT-semistable limits of conjugate families of GIT-stable configurations, r and r ′ identify in J g and we are done by the Fundamental Theorem of GIT.
Example 5.9. Consider the stable pointed curve of Example 5.6. It contains two connected principal parts. The configurations associated to Im(ϕ T1 ) and Im(ϕ T2 ) both contain in the closure of their orbit the strictly GIT-semistable configuration associate to a conic with weighted markings whose dual graph is shown below.
Consider the open set P g ⊂ M 0,mg (see Lemma 5.7 (ii)). Define the set-theoretic map
where β g (Y, p 1 , . . . , p mg ) is the class of the configuration associated to a connected principal part of (Y, p 1 , . . . , p mg ). The definition is well-posed by Lemma 5.8.
Our goal is to show that β g is an algebraic morphism (at least when g ≡ 0 mod 3). It is a wellknown fact that M 0,mg finely represents the functor of families of m g −pointed stable curves. Let P be the restricted functor of families of m g −pointed curves having a connected principal part. Obviously P g finely represents P. In particular the algebraic morphism from P g to J g induced by Φ is β g .
Proof.
The proof is similar to [C, Proposition 8 
is an algebraic family of connected principal parts of Y j . As in the proof of Lemma 5.7 (ii), for every j the collection {g j • σ i } i induces a morphism B j → K g . Notice that ψ : K g P hg is defined over the images of these morphisms, because the principal parts are connected and hence we get a morphism t j : B j → R g ⊂ P ss hg . Since J g is a geometric quotient (g ≡ 0 (3), see Lemma 4.3 (iv)) then t j1 (B j1 ∩ B j2 ) and t j2 (B j1 ∩ B j2 ) are congruent (in an algebraic way) modulo G, that is we can glue the morphisms q • t j to a morphism Φ(f ) : B → J g (recall that q : R g → J g is the quotient). This defines the functor transformation.
By
Let P be a connected principal part of a pointed stable curve (Y, p 1 , . . . , p mg ). If we change the order of the points we get another pointed curve having P as a principal part and the same twister and configuration. This implies that the image of the open subset P g of M 0,mg in the moduli space N 0,mg of m g −marked stable curves (via the natural map M 0,mg → N 0,mg ) is open. Abusing notation we shall denote it again by P g ⊂ N 0,mg . Moreover the definition of β g is invariant under the action of the symmetric group permuting p 1 , . . . , p mg , then we get a morphism from P g ⊂ N 0,mg to J g . Abusing notation we denote it again by N 0,mg ⊃ P g βg −→ J g .
The new compactification and the factorization.
Let J g be the open subscheme of J g corresponding to configurations of integral conics with distinct markings (they are GIT-stable by Theorem 4.4 (iii)).
Theorem 5.11. There is a natural isomorphism H g ≃ J g .
Proof. Arguing as in Theorem 5.10 (in any genus) we get a morphism H g → J g . If we prove that the map ψ of (4.1) has an injective differential over the closed set D ⊂ K g of distinct markings on a smooth conic, arguing as in Theorem 4.6 we see that the last morphism has an regular inverse.
There is a natural morphism D → Sym m (P 2 ) which is a bijection onto its image D ′ and whose inverse is regular. Thus
∨ exactly as ψ. In order to prove that dψ is injective it suffices to show that dθ is injective on S m . Consider k = (p 1 , . . . , p m ) ∈ S m and call X = θ(k). Below we shall describe the differential
where N X/P 2 is the normal sheaf of X in P 2 .
Set N := hm 2 . Thus X is the union of h m lines intersecting at N nodes. Consider
the elements of Kerβ are the embedded deformations of X preserving the N nodes of X. Thus dθ factorizes through Kerβ. Let L ij ⊂ X be the span of p i and p j . There is a standard sequence
where T is a torsion sheaf supported on the nodes of X. Hence we can view the sections of
and the image of γ is contained in Kerβ.
Since
We conclude that the above dθ factorizes through
be the induced map. Thus
We compute d h . Let z 0 , z 1 be affine coordinates of P 2 and assume that p h = (z h0 , z h1 ). Let
is supported on the nodes of X. Let σ ∈ Ext 1 (Ω X , O X ) be non zero at a node n and zero otherwise. A σ ′ ∈ H 0 (N X/P 2 ) with β(σ ′ ) = σ is a smoothing of the two lines of X containing n to a plane conic.
From this it is easy to see that if
Since there are at least 2 distinct lines of X containing p h , this yields a contradiction.
Below we prove that the maps α g : J g − (Z R /G) → B mg and β g : P g → N 0,mg provide a set-theoretic factorization of F g . Recall the following result ([AL, Lemma 3.2]).
Lemma 5.12. Let (Y, p 1 , . . . , p 2g+2 ) be a stable marked curve. The weighted dual graph Γ Y has a central vertex if and only if there is not an edge e of Γ such that the connected subgraphs Γ 1 and Γ 2 with Γ 1 ∪ Γ 2 = Γ − e satisfy the following condition
Moreover if a central vertex exists, it is unique. Definition 5.13. If Γ is stable and has no central vertex, then the edge e disconnecting Γ in two subgraphs with the same weight is unique.
3 We call it the central edge of Γ. 
We want to show that wt(Γ 2 ) ≤ g < m g /2. Let T be a twister of Y such that ω ∨ Y ⊗ T has degree 2 on P (degree 1 on each component if P is reducible) and zero on the other components. Since P is connected, by the definition of principal part, the support conic of (ϕ T (p 1 ), . . . , ϕ T (p mg )) has not a marking on a node and the unique configuration associated to (ϕ T (p 1 ), . . . , ϕ T (p mg )) (via ψ : Lemma 4.3 (i) implies that the markings ϕ T (p i ) have at most weight g. Since ϕ T contracts the connected subcurve of Y corresponding to Γ 2 to a unique marking, we have wt(Γ 2 ) ≤ g < m g /2.
3 Let e ′ and e ′′ be two central edges. Let Γ ′ , Γ 1 , Γ ′′ be the three connected graphs with Γ ′ ∪Γ 1 ∪Γ ′′ = Γ − e ′ − e ′′ and such that wt(Γ ′ ) = wt(Γ ′′ ) = mg /2. If Γ 1 = ∅ then e ′ = e ′′ . If Γ 1 = ∅, there is a vertex v 1 ∈ Γ 1 . Since wt(Γ 1 ) = 0 and Γ is stable, there are at least three edges containing v 1 and at least one edge e 1 of Γ 1 contains v 1 . The two connected graphs Γ ′ 1 and Γ 2 defined by Γ ′ 1 ∪ Γ 2 = Γ − e 1 satisfy e ′ , e ′′ ∈ Γ ′ 1 and Γ 2 = ∅ with wt(Γ 2 ) = 0 and Γ 2 Γ 1 . Iterating we get an infinite set of subgraphs of Γ 1 hence a contradiction.
We get the contradiction m g = wt(Γ) = wt(Γ 1 ) + wt(Γ 2 ) < m g
(ii) Let e be the central edge of Y. Let Γ 1 and Γ 2 be the connected subgraphs with Γ 1 ∪Γ 2 = Γ Y − e. If P is not the union of the two components meeting in the node corresponding to e, then v P ∈ Γ 1 (P is connected). If T is the twister associated to P, then ϕ T contracts the connected subcurve of Y corresponding to Γ 2 to a unique marking in (ϕ T (p 1 ), . . . , ϕ T (p mg )). Since wt(Γ 2 ) = m g /2, the configuration associated to P is unstable (Lemma 4.3 (i)) which is a contradiction.
6. The proof of Theorem 4.4
Terminology 6.1. Let (k, supp(k)) be a conic with weighted markings. We call the markings with minimal (maximal) weight the minimal (maximal ) markings of k.
Step
be respectively irreducible and reducible with ψ(k) = ψ(k ′ ) = r. If the node n of supp(k ′ ) is contained in supp(k), either at least 3 lines of r contain n (it is not possible: supp(k ′ ) is reducible and n, which is not a marking, is contained exactly in 2 lines of r) or k has at most 3 markings (3 markings implies that one marking is of weight 1). Then one marking has weight at least g + 1 and r is unstable by Lemma 4.3 (i), which is a contradiction.
Consider the case shown below, where the node of supp(k ′ ) is not contained in supp(k) and the components of supp(k ′ ) are not tangent to supp(k).
• Let l ij be the line containing the markings of weights m i and m j . Then µ lij can be calculated using either the weights of k or the weights of k ′ . Since r is GIT-semistable, it follows from Lemma 4.3 (ii) that it is impossible that m 
it follows that there exist h ∈ {1, 2}, k ∈ {3, 4} such that
which is a contradiction. One can argue similarly if at least one component of supp(k ′ ) is tangent to supp(k).
Step II Let (k, supp(k)) be a conic with weighted markings with at least 2 markings. Assume that w(k) = (m 1 , . . . , m r ) = {1, 1}. Let C := supp(k) be irreducible. We claim that in the configuration r associated to k (following the same rule defining the morphism ψ) the cluster points of maximal multiplicity are the maximal markings of k. The claim is easy if m i = 1, ∀ i, hence may assume that a maximal marking p max has weight m max ≥ 2.
If p i is a marking of k with weight m i ≤ m max , it is easy to see that µ pi ≤ µ pmax (with the equality if and only if m i = m max ).
If p ∈ P 2 and p / ∈ C, let p ∈ p i p j , where p i , p j are two markings of weights m i and m j . The claim follows from the following properties
< m i m max = µ pipmax . iv) Two lines p i p max in two different cases among i) ii) iii) cannot be the same. v) If p i = p j = p max , then T pmax C contain both p max and p. The case ii) cannot hold. There are two cases. If T pmax C is the only line of r containing p, then there exists p max = p h ∈ C (recall that there are at least 2 markings) such that µ p = µ Tp max C < µ Tp max C + µ p h pmax ≤ µ pmax . If p is in at least 2 lines of r, then at least one case i) or iii) holds.
Thus we recover the maximal markings of k. Let N be the number of maximal markings of k. We claim that we can recover also their weights. In fact let m be the total weight of k. Consider the subconfiguration r ′ of r of the lines containing no maximal markings of k. Step III For r ∈ V R we show that there is at most one k ∈ ψ −1 (V R ) with supp(k) irreducible such that ψ(k) = r.
Let k ∈ ψ −1 (V R ) with supp(k) irreducible and ψ(k) = r. Using
Step II we can recover all the weighted markings of k unless the minimal markings of k are {1, 1} or k has just 1 minimal marking. In fact it suffices to look at the subconfigurations of r defined inductively as the lines containing no maximal markings.
Moreover we claim that we can also recover a unique minimal non-unitary marking (that is its weight is not 1). In this case the last subconfiguration obtained inductively has just one line.
If the last subconfiguration consists only of a line l with µ l > 1, then there is only a minimal marking of weight at least 3. Let p 1 and p 2 be two distinct markings we have just recovered (there are at least two from Lemma 4.3 (i)). Since we recover the line p 1 p 2 , we can consider the configuration given by p min p i , i = 1, 2 and the 3 tangents to p 1 , p 2 , p min . Then p min is the unique point of this configuration contained in 3 lines. Notice that we can recover also its weight from µ l .
If the last subconfiguration is a line l with µ l = 1, then the minimal weights are either {2} or {1, 1}. Let p 1 and p 2 be two distinct markings we have just recovered. As above consider the configuration of the tangents to p 1 , p 2 and to the minimal marking (if the minimal weight is {2}) and the lines connecting p 1 , p 2 to the minimal markings. The minimal weight is {2} if and only if there is just one point contained in 3 lines and this is the minimal marking of weight 2 (if the minimal weights are {1, 1}, both p 1 and p 2 are contained in 3 lines). Summing-up we recover also the minimal markings and their weights unless they are {1} or {1, 1}.
If we recover at least 5 markings of k, then we find the support of k and its weighted markings (which are the cluster points on the conic).
If we recover at most 4 markings of k and these are all the markings af k (i.e. their weights add up to 2g + 2), the tangents to this points are the lines containing no pairs of markings. If any, there are at least 3 unitary markings. Lemma 4.3 (i) implies that there are no unitary markings. We recover at least 3 markings and 3 tangents to the markings, then we recover k and its support.
If we recover at most 4 markings and these are not all the markings of k (i.e. is their weights do not add up to 2g + 2), the weights of the non-recovered markings are either {1, 1} or {1}. If m 1 , m 2 = 3, then the tangent to the marking p 1 (resp. p 2 ) with weight m 1 (resp. m 2 ) is the line l 1 (resp. l 2 ) not containing p 2 (resp. p 1 ) whose multiplicity is not m 1 (resp. m 2 ). The intersections of pairs of lines containing respectively p 1 and p 2 and different from l 1 , l 2 , p 1 p 2 are 4 distinct points divided into two pairs: the points in the former have multiplicity 2g + 1 and the ones in the latter 2g. The former is the pair of the unitary markings. We recover 4 markings and 2 tangents to the markings.
If m 1 = 3, then Lemma 4.3 (i) forces m 2 = 3 and we are in genus 3. If the tangents to the markings of weight 3 and the line connecting the unitary markings meet in a point, one can see that there exists only one irriducible conic giving the configuration.
Otherwise the unitary markings are the cluster points of multiplicity 7 and the tangents to p 1 and p 2 are the lines containing respectively only p 1 and p 2 as markings of k. We recover 4 markings and 2 tangents to the markings. If m 1 = m 2 = 3 consider the subconfiguration r ′ of r of the lines containing no pairs of nonunitary markings: either there is just one point of multiplicity 2g + 1 contained in 3 lines of r ′ (and this is the unitary marking which we recover) or there are 2 such points p and q such that the point not on the conic is contained in the tangents to the markings of weight 3. In the latter case there is only one non-unitary marking contained in the unique line of r ′ missing {p, q} (which is the tangent to this marking). If we exclude this tangent from r ′ , we get the configuration associated to a conic with weighted markings with support and markings of k and with weights {1, 1, 3, 3}. We are in the case a) then we recover the support of k and also its non-unitary marking. If there is a marking whose weight is not 3, we argue as in case c). Otherwise let p and p ′ be two non-unitary markings. Consider the maximal subconfiguration of r of the lines containing only p and p ′ as non-unitary marking. We get the configuration associated to a conic with weighted markings with support supp(k) and four markings of k of weights {1, 1, 3, 3}. Thus we are in case a).
Step IV Let k, k ′ be in ψ −1 (V R ) whose supports are reducible and with r = ψ(k) = ψ(k ′ ). The node of each conic (which is not a marking) is contained in exactly 2 lines of the associated configuration.
Assume that k and k ′ have the same support. Since all the cluster points of r on such support are the markings both of k and k ′ , it easy to see that k = k ′ . Consider the cases shown below. and it easily implies that that m h = m ′ h , ∀ k ≥ 2 and 2m 2 = m 1 − 1. Let us denote by n = 2m 2 and by N the sum of m h , h ≥ 3. One can easily see that if r is strictly semistable then the following relations hold, where the first one says that the multiplicities of the lines containing the marking of multiplicity m 1 add up to the double of the multiplicity of L (condition of GIT-strictly semistability) and the second one says that the total weights of k, k ′ are 2g + 2      (n + 1)( n 2 + N ) + n + 1 2 = 2 n 2 + N 2 . n 2 + n + 1 + N = 2g + 2
Putting N from the second relation into the first one, we get 3n 2 − 3n − 12ng + 8g 2 − 2 = 0. We have to find a non-negative integer solution in (g, n) such that n is even and n ≤ 2g. If we find such solution and we set b := 4g + 3, then b 2 + 2 = 3a 2 , where a ∈ N and in particular n = 2g + Example 6.2. The first case given by Lemma 7.1 holds for g = 17. An example of conics with weighted marking having the same associated configuration is shown below (in genus 17).
• 7
• 7 • 7
• 15 The required solutions are given for h of type 4h − 1 for h ≥ 1.
